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ABSTRACT 

The soliton spectrum (massive and massless) of a family of integrable models with local 
£7(1) and £7(1) <8> £7(1) symmetries is studied. These models represent relevant integrable 
deformations of SL(2,R) ® [/(If" 1 - WZW and SL(2,R) ® SL(2,R) ® £7(l) n " 2 - WZW 
models. Their massless solitons appear as specific topological solutions of the £7(1) (or 
£7(1) (g> £7(1)) - CFTs. The nonconformal analog of the GKO-coset formula is derived and 
used in the construction of the composite massive solitons of the ungauged integrable models. 



Ho appear in JHEP (2002) 



1 Introduction 



The G-WZW models and their gauged G/H- versions (for appropriated choice of G and 
H) are known to describe string theories on curved backgrounds fl|], f2|. The simplest 
examples are the SL(2, R) - WZW model, representing string AdS 3 target space time || 
and SL{2)/U{\) - WZW , giving rise to 2-d black hole geometry Q, 0. In this paper we 
consider specific relevant perturbations (G, G , fi a b) |3j of certain physicaly interesting 
(gauged) WZW models 



C^ rt (G, G ) = £%f w (g ) - ^ ab Tr(T a g T b g^) (1.1) 



where Go C G is finite dimensional subgroup of the affine group G with generators T a , go G 
Go and are real parameters. They are expected to describe the nonconformal counterparts 
of the Maldacena string/gauge theory correspondence [0] (i.e., deformations of AdSd/CFT^-i 
II). The first question to be addressed is about the classical (and quantum) integrability 
of the models (|1.1|), i.e., for a given affine group G, how to chose G C G and fi ab such 
that (|1 . 1|) is exactly integrable? Another important question concerns the nonperturbative 
topologically stable solutions of the model ( [Lip and their particle or strings interpretation. 

The main purpose of the present paper is the description of the semiclassical spectrum of 
the finite energy topological solutions (solitons and solitonic strings) of a class of integrable 
perturbations that preserve (a) one local U(l)(p = 1) or (b) two U(l) <8> U(l)(p = 2) local 
symmetries. The simplest representative of type (a) integrable models (IMs) studied in this 
paper is given by the Lagrangian || 

£p=i = -%<9^<% + U + dR u dR u + dxudipue^-^ - V u (1.2) 

with potential 

i 2 

P 



n 



where y? = <f n = 0, i, j = 1, 2, • • • n - 1, f3 2 = -\ and = 25^ - - 8 itj+1 is the A n _i 
Killing form. The above Ct =1 is indeed a special case of the C pert (G, G ) ( |L1| ) obtained by 
taking G = G = 5L(2) <g> U(l) n ' 1 , /2 ab = fi a p, b and 

^ = e+ = ^ (E ^ + E -L + - + a n) ) > ^ = t-=m (± E% + Efcl.+J) (1.3) 

The fields ipi, R u1 ip u1 Xu that appear in (|1.2|) parametrize the g E G group element as 
follows 

go = exp 
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An important property of these IMs is their invariance under local U(l) transformations 

(J3 = z/3 ) 

R' u = R u + (3 (w(z)+w(z)), < = ^ e -^) ; ^ = Xu6 ~^\ <p '= Vj (1.4) 



where w, w are arbitrary chiral functions. The IM (|1.2| ) represents A^x-abelian affine Toda 
theory interacting with the thermal perturbation (with [01) °f the SL(2 } R)-WZW 



model. Two particular cases should be mentioned: (1) n = 1 (no </?j at all) and the IM (|1.2j ) 
just coincides with deformed SL(2, i?)-WZW model (2) for n = 2 (one only) it gives rise to 
an integrable deformation of the SL(3, i?)-Bershadsky-Polyakov model fll3l,|12||, i.e. certain 
energy perturbation of the W% -algebra minimal models [[13[ . 



An important feature of IM (|1.2j) is that for imaginary coupling (3 = iflo (and n > 2) its 
potential V u has n-distinct zeros and as a consequence the model ( |1.2| ) admits [/(l)-charged 
topological solitons. The main characteristic of its soliton spectrum is the presence of massive 
(j<p, 0) as well as massless (Q,j w ) solitons (and solitonic strings) interacting with each other 
(jtpijw are the topological charges of fields tpi and R u ). The massless sector is represented 
by Qq = U(l) chiral conformal field theory (CFT). In fact, together with the constant vacua 
solutions (E — P — 0, j v = j w = 0) 

<p? c = 7r-N, r ac X vac = V, R vac = ^a R (1.5) 



(N G Z and clr is a real parameter), the equations of motion of IM (|1.2j ) admits also massless 
(1-D string-like) conformal solutions with nonvanishing energy E = ±P ^ 0, and j w ^ 0. 
They have again the form ( |1.5|) , but with R vac replaced by R CFT , i.e., 



R CFT = /3 (w(z)+w{z)) (1.6) 

The spectrum of the left-moving solitons of this chiral £/(l)-CFT (with appropriate periodic 
b.c.'s for w,w), derived in Sect. 3.4 has the form: 

El - s ° i ~ (n + in \ s + ^) |ao1 ' 

Jw = j 9 - 2j q , j v , j q = 0, ±1, • • • , ±(n - 1) mod n 
Qo = + % « = 0,±1,... (1.7) 



n + 1 V n 

where | a | is an arbitrary infrared mass scale and Qo denotes the left-C/ (1) charge. The 
conformal sector of the theory provides each one of the n-vacua states (E v = 0) with a 
tower of conformal states (j^, j w , s) with E CFT ^ 0. The massless solitons are topologically 
stable solutions that interpolate between the vacua (0, 0, 0) and an arbitrary conformal state 
(0, j w , s). Together with such massless solutions, it is natural to expect the existence of two 
types of massive solitons: 

1. interpolating between different vacua, called g-solitons: (0,0,0) — > (j'^,0,0) 

2. interpolating between vacua and arbitrary exited conformal states, called u-solitons: 
(0,0,0) -> (j v ,j w ,s) 
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as it is shown by the diagram 



vacua 
(0,0,0) 



M CFT = 



u(1)-CFT 

(0,L,s) 



M..=* 



M„=* 



gauged IM 

(j<p.0,0) 



M CFT = 



ungauged 



In order to construct such soliton solutions and to derive their semi-classical spectrum, 
it is crucial to observe that the type (1) g-solitons in fact coincide with the [/(l)-charged 
topological solitons of the gauged dyonic IM |J, |L0| (with one global U(l) symmetry) 
obtained from ( |1.2| ) by axial gauging of the local U(l): 



V, 



(1.8) 



fn-\ 



si=l 



The semiclassical spectrum of the 1-solitons of this gauged IM has been derived in our recent 
paper 0. 

The type (2) u-solitons turns out to be the conformal dressing of the g-solitons, i.e. by 
performing specific U(l) gauge transformations ( |1.4| ) (with w and w given by eqn. ( 3.40|) ) of 
the already known g-solitons || , |l(| . The spectrum of these new u-solitons can be obtained 
by applying the following nonconformal version of the Goddard-Kent-Olive (GKO) coset 



construction 14 



rpu 

1 G 



TL/G0+Tg{ T , E» = E* + E™ 



1.9) 



establishing the relation between the stress-tensors (and energies) of the ungauged IM (|1.2|) , 
the gauged IMs (|1.8|) and the U(l)-CFT. The spectrum of the left-moving u-solitons (w ^ 
0,w = 0), derived in Sect. 3.5, has the form, 



Ml 



M n 



Qr 



M [M a + ~ 

9 \ 9 (n + l)Pl 



s + 



Jw \ 2 



n 



Amn . . . 47rL 

~w }sm( — 

n+1 



Q 



el 



PoJeh 3 el 



2n 



Qel + 



An 

27rn j w \ tt j w 

-—t( s + —))' Qe = ^(s + —j 
n+1 n J 2 n 



0,±1,-.- 
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where m = |a |e L and g-soliton velocity v g coincides with the left rapidity 6^, i.e., v g = b L . 
The stability of these strong coupling particles is ensured by their nontrivial topological 
charges: j v ,s,j w . 

The paper is organized as follows. In Sect. 2 we present a brief introduction to the path 
integral version of the Hamiltonian reduction method. The Lagrangians of the different IMs 
(with one local U(l), two local U(l) ®U(1) and one local and one global £/(l)'s ) considered 
in this paper are derived together with the proof of their integrability. Sect. 2.3 is devoted 
to the identification of the above IMs as relevant integrable deformations of the conformal 
minimal models of certain extended conformal algebras and V^+i . The discussion of 

Sect. 3 is concentrated on the symmetries (continuous U(l) and discrete Z n <S> Z 2 ), their 
currents and especially on the allowed b.c's for the fields of IMs (|1.2| ) and ( |1.8|) . The main 
result of Sect. 3.2 is the derivation of the nonconformal GKO coset construction. In Sect. 
3.4, we study the properties of the different [/(l)-CFT solitons: left, right and left-right 
ones. The spectrum of the composite u-solitons is obtained in Sect. 3.5. The spectral flow 
of the £7(l)-charges Q , Q induced from certain topological ^-terms added to the original 
Lagrangian (|l~2l ) is derived in Sect. 3.6. Sect. 3.7 is devoted to the nontopological solitons of 
the deformed SL(2, i?)-WZW model. The constructions of different soliton solutions of the 
ungauged IM (|2.12|) with U(1)(&U(1) local symmetries as well as of the so called intermediate 
IM are presented in Sect. 4. Sect. 5 contains our conclusions and few remarks concerning 
the use of the charge spectrum of our soliton and string solutions in the off-critical (i.e. 
nonconformal ) AdS^/CFT2 correspondence. The IMs with local SL(2, K) ®U(l) symmetry 
and an example of nonrelativistic IM with local U(l) symmetry are also discussed. 



2 Integrable Perturbations of Gauged i^-WZW Model 

2.1 Effective Lagrangians from Hamiltonian reduction 

Different integrable perturbations (G, Go, /i a b) of the gauged WZW model ( |1 . 1| ) are known 
to be (at least classically) in one to one correspondence to the admissible graded structures 
(G, Q, e±) of the affine algrebra Q 

[Q,Qk] = kQ k , [Gk,Gi\cGk+h k,leZ, GkCG, lQ,e±] = ±e± 
introduced by an appropriate grading operator ^ 

rankQ=n 

Q = hd+ £ SiXi-H®, [d,E^}=aEi a \ a,s h heZ (2.1) 
i=i 

such that the zero graded subalgebra Q , i.e., [Q, Q ] = is finite dimensional. The functional 
integral version of the Hamiltonian reduction method , [[Ll]] , |TI| consists in considering 
the two- loop (i.e., affine) G-WZW model [|17| and imposing certain constraints on the Q- 
currents = Tr (g~ l dgE^^\ and J^l = Tr (dgg^E^l*) from the positive and negative 



2 Xi are the fundamental weights and cti ■ H^ a \ the generators of Q. The operator d is the derivation 
operator. 



4 



grades \q\ > 1 subalgebras Q H± = ®iez±Qi- More precisely, we introduce the 7i ± -invariant 
gauged H-\G/H+-WZW model 



S(g,A+,A-) = S^ zw {g) 
k 



2tt 



d 2 xTr (A^dgg- 1 - e+) + A+^dg - e_) + A.^" 1 



(2.2) 



where A + (z,z) G 7Y + , A_(z,z) G 7i_, g(z,z) G G and e± are specific constant linear 
combinations of grade ±1 generators of Q, say, 

i i 

where // j = /x a A*6 and a is a fixed composite root, such that [Q, E^^} = ±E^\ ai denote 



the simple roots of Q. Then the effective Lagrangian (1.1) appears as a result of performing 



the Gaussian integral on A_ and A + in the partition function 

Z = J DgDA_DA + exp(-S(g, A., A + )) ~ J Dg exp(-S pert (g )) (2.3) 

of the gauged two loop WZW model, where g (z,z) G G C G. By construction for each 
admissible graded structure ( p.l|) of G and for any choice of e± the corresponding C pert 
( |1.1| ) represents an integrable model, as we shall demonstrate in the next Subsection 2.2. 
Therefore the individual properties of such IMs are determined by Go an d e±, containing 
all the information about the physical fields g = go{(pi,i) a iXa, ' ' ') an d their nonconformal 
interactions. Depending on the grading operator Q the zero grade subg roup Go C G can be 
abelian Go = U(l) , < / < n, or nonabelian, say Go = SL(2) P <g> U(l) n ~ p . For example 
for G = A^\ taking Q in the form (principal gradation) Q = (n + l)d + Y%=i K ' one 
conclude that G = U{l) n . We next choose the most general e±, such that [Q, e±] = ±e±, 

n 

e± = E^it+^4t! + ... + ^) ( 2 - 4 ) 



1=1 



and observe that the corresponding C pert (1.1) takes the form of the well known abelian afline 
Toda model |B|. It represents an integrable perturbation of the H^+x-minimal models [20| 
which describes marginal (/if) and relevant (fio) perturbations of a string on flat background 
with certain tachyonic potential. An interesting nonflat strings backgrounds are provided 
by the non-abelian (NA) afline Toda models fL9 |, i.e., when Go C G is non-abelian. The 



simplest example of such model is defined by the following algebraic data: 

G = A$\ Go = SL(2) ® U(l) n -\ Q = nd + J2\ i -H^, 



i=2 



e ± = mE41+4tL + - + a n)) (2-5) 



T(Q2H ha n )' 

i=2 



3 these are the simplest grade \q\ = 1 IMs. Imposing constraints on Ja , J_2 of grades |g| > s, one can 
construct in this way the so called higher grades IMs fl8fl. 
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and physical fields parametrizing the zero grade group element 



Its Lagrangian derived from eqns. ( |2.2| ) and ( |2.3| ) has the form ( |1.2| ) and represents an 
integrable perturbation of Gq-WZW model. The main new feature of this A^\p = 1) affine 
NA-Toda model in comparison with the abelian one defined by eqn. ( |2.4| ), is the existence of 
nontrivial invariant subalgebra Qq C Go, such that [Qq, e±] = 0, i.e. Qq = £7(1) = {Ai ■ H^}. 
It contains all the information about the continuous symmetries of the model. For the 
abelian affine Toda we have Qq = 0, i.e., no continuous symmetries. In the NA-Toda case, 
(i.e., eqn. Ql.ll) and (|2.5| ) leading to (|1.2j )) one can easely verify that the Lagrangian (|1 . 1| ) 



(and therefore (|1.2| )) is invariant under chimin® = U(l) transformations; 

which is the compact form of the field transformation ( |1.4| ). 

Similarly to the conformal (i.e. unperturbed) WZW models one can further gauge fix the 
above chiral (^-symmetry. The standard procedure of gauge fixing consists in consider- 



ing the following "improved" action by the addition of auxiliary ^Q-fields A (z, z), A (z, z), 
playing the role of Lagrange multipliers: 



S{go,A ,A ) = S u (g ) 
k 



2tt 



J d 2 xTr (±A dg g^ + A Q g Q l dg ± A^A^ 1 + A A 



(2.7) 



where the signs ± takes place for axial/vector gaugings of the U(l), respectively. The 
new A , Ao-dependent terms added to the action S u (go) are responsible for imposing the 
additional constraints J\ x .h = Tr (\i ■ Hg^dgoj = J^.h = Tr (Ai ■ HdgogQ 1 ^ = 0. They 
promote the chiral U(l) symmetry (|2.6| ) to the following local U(l) symmetry cto = oto(z, z) G 
17(1) 

go = ^o9oa' , A' Q = A - 9ao(ao) _1 , A' = A - 1 da (2.8) 

where a' Q = a in the case of axial gauging and a' = olq 1 for the vector gauging. Again, 
one can take the Gaussian integral on A , A as in eqn. ( |2.3| ) and the result is the effective 
Lagrangian ( \1.8\) of the axial singular affine NA-Toda denoted as dyonic A^(p = 1) IMs 
(p — 1 is the number of the gauged fixed C/(l)'s). 

According to refs. |J, |E| the CPT invariant vector gauged Lagrangian has the following 
form: 

-r n— 1 

q( P = i) = -X;(^(0j + 0i+i-" + 0«-i) + ^W/ + 0i+i--- + 0n- 



2 i=1 

1 dAdB + OAdB 

2 1 - (PAB 



6 



and 



2 



+ ^(Ee^-^-nj (2.9) 
The group element g% G SL(2) <g> £7(l) ri - 1 / C/ ( 1 ) in the vector 

case is parametrized by the 

fields A, B and 0/ as follows 

9l=\ d n f ), rf n-i = diag{e^\ • ■ ■ , e^- 1 ), rf 2 = ( ab-i o jB( ^+... + ^_ 1 ) 
\ u a n _i y y ue /3(«#, 1 +.-+^„_ 1 ) -oe 

The nonlocal field u (i.e., the vector analog of R g ) is defined by the following first order 
equations [pf: 



/3 2 AB' ^ l-^AB' 

The main difference between "ungauged" IM £"(p = 1) (|1.2|) and its gauged, axial (|1.8|) and 
vector ( |2.9j ) versions, is that the latters are invariant only under global £7(1) transformations, 

say [(3 = i/3 ) 

A' = e ia ^A : B' = e~ l <B, </>', = fa- -fa (2.10) 

n 

They contain one less field (no R u or u) and represent more complicated target space metric 
gAB ~ ab > than the one of the ungauged model (|1.2|). The reason we are considering 
them once more in the present paper is due to the crucial role they are going to play (see 
Sect. 3.3) in the description of different 1-soliton solutions of the ungauged IM ( |1 . 2| ) . 

Together with the IMs (|1.2j ) with one local U(l) symmetry we shall study the soliton 
spectrum of another class of multicharged A^ (p = 2) IMs |23[], |PJ with two local £7(1)®£7(1) 



symmetries and also IMs with one local and one global £7(1) described by Lagrangian ( j2.16| ) 
below. The starting point in the descrition of their effective Lagrangians is the following 
specific graded structure of G = A$ : 



n-l 



Q = (n-l)d+^V#W, G = SL(2)®SL(2)®£7(1)^ 2 , £ ° = £7(1) ® £7(1), 



i=2 

/n-l 



e± = m ( J2 *4i + S i(a 2 +...+a„_ 1 ) I > 

g Q = /Ea=l,nX2^ oe ^E„=l,n A »- H ^+^E^ 2 W'Hfl/Ea=l,»<< ) (2.11) 



This algebraic data was used in deriving the Lagrangian (|2.2| ) for the gauged fixed H± two- 
loop WZW model. Again, by integrating the auxiliary fields A + ,A_, one gets (|1 . 1| ) . More 
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explicitly the ungauged multicharged A^'(p = 2) IM is given by 

i n-2 

-— (ndRldRt + ndR u n dR u n + <9i^<9i^ + dR^dRfj - V£= 2 (2.12) 



2(n + 

with potential 

,2 /n-2 



x (1 + P 2 W X y (K - Vn - 2) ) - n + l) , (2.13) 

where <^o = <£n-i = 0- For the specific choice of constant grade ±1 elements e± ( J2.11[ ) , the 
form of the invariant subalgebra £?g = {Ai ■ H, X n ■ H} is an indication that the IM Q2.12 ) is 
invariant under the following chiral U(l) ® U(l) transformations 

g' Q = e Pj2a Xa - HiDa (^ g e^T,a XaHWa ( Z ) (2.14) 

with dw a = dw a = 0. The field transformation encoded in eq. ( |2.14| ) have the form 

(R:y = R u a +(3 (w a + w a ), iff l = (pi , (C)' = e"^ C , {x u a y = e ^a x u (215) 

By axial or vector gauge fixing one of the local symmetries (say, the one generated by 
(Ai + A n ) • H) one can derive an interesting "intermediate" IM with one local and one global 
U{1) symmetries. We take eqn. (£7|) with g G G = SL{2) <g> SL{2) <g> f/(l) n " 2 and 
A = ao(-2; z)(^i + \i) ' H, A = a (z, z)(\i + A n ) • H, (a , a are arbitrary functions) and by 
performing the Gaussian integration over clq, d Q we obtain the effective Lagrangian for the 



intermediate axial IM 23 



n-l~ = s = l n " 2 



+ (1 + £^Xie"^ 1+S) )%9Xne- /J ( fi+ ^- a ) - ^fei<^i<9x„ 

+ ViXn^„9xi)e-^ 1+ ^- 2 )) - V mterm (2.16) 

with potential 

™2 /n-2 _ _ N 

Kntenn = ^ ( £ + e«¥*+*-»>(l + /^X^^) (1 + /^X^**^) - n + 1 

and the denominator A is quadratic in -?/> a , x a : 

/5o 2 



A = 1 + ^ (toe**-* + toc-«*^ a) ) 



The relations between the fields of the ungauged (|2.12|) and the above axial gauged IM fl2.16|) 
has the form 

i>a = r a e^ +R "\ Xa = X u a e^ +R -\ R = \{R U 1 -K) (2.17) 

as one can see by comparing the group elements go G Go = SL{2) ® SL{2) ® U{l) n ~ 2 from 
eqn. ( |2.11| ) with gl G Gq/U(1) (for axial gauging), i.e., 



g = Q§(*>n-HR%+\i-HK%) gf ,interrrigQ(\ n -HK!£+\i-HK£) ^.18) 

where g ^ mterm = e / 3 E =i, ra xa^ ae ^(A 1 -A n ).^+^^-> i ^ +1 /Ea =1 ,„^< ) . Note that the p = 2 
Lagrangian ( |2. 16| ) is quite similar to fll.8| ) of the p = 1 gauged IM. Both are invariant under 
one global U(l) symmetry. The denominators of both are quadratic in tp a ,x a , but ( [2.16 ) 



involves an extra pair Xn of charged fields and it is invariant under the following chiral 
£7(1) transformation: 

R> = R + p ( w + w), v ' l = Vh (2.19) 



The description of the 1-soliton spectrum of this IM (|2.16|) is one of the main purposes 



of the present paper. As we shall show in the next Sect. 4.3, the structure of its soliton 
solutions is quite similar to the ones of p = 1 ungauged IM (|1 . 2j ) . Due to the common local 
U(l) symmetry, they share the same U(l) CFT, but their generic Mu-solitons are conformal 
dressing of different "gauged" M s -solitons. In the case of IM (|2.16| ) one need to know the 



multicharged solitons of the corresponding completely gauged IM, i.e. the IM obtained by 
(axial) gauge fixing of both local U(l) (g> U(l) symmetries of the ungauged IM (|2.12|) . The 
procedure of gauge fixing is the same as in the case of intermediate IM( |2.16| ), but now the 
auxiliary fields Aq, Aq G Qq are different, namely, 

Aq = aoiAi • H + a 0n \ n ■ H, A = a iAi • H + a 0n X n ■ H 

The result of the matrix Gaussian integration (over ao a , ao a , a = 1, n) is the following effective 



Lagrangian of the completely axialy gauged IM |23 



£n =2 = g E Vijdifid^ + - ( (1 + ^-^—^^ nXn e-^)d^dxie-^ 
2{n — 1) 

+ of ^ .A Xl^nB^dXn + Xn^ndx^e-^+^-A-Vr 2 (2.20) 

2n-l / 



with potential 



Vr 2 = ^ f E + e^+^- 2 \l + /3VnXne-^"- 2 )(l + /JfyiXie"^ 1 ) - n + 1 



,i=l 
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where (p = >~p n -\ = and 



A = 1 + f?2—{$ xXl e-f*n + ij nXn e-^- 2 ) + ^^ ^Xi^nXne'^ 1+ ^ ■ 
2(ri — 1) 4(n — 1) 



The fields ?/> a , Xa are related to the charged fields t/>", x" °f the ungauged IM as follows: 

(2.21) 



„ _ c -l\a-HRa f, axial ^\ a .HR a 



i.e., ip a = 



U„hRa 



Xa 



Xa^ Ra - The IM ( ggg ) is invariant under global 17(1) <g> C/(l) 



transformations only (e a = const), 



(2.22) 



Its charged (Qi,Q n ) 1-solitons M g {p = 2) [^3| appears as the basic ingredient in the con- 
struction of the 1-solitons of both the ungauged p = 2 IM (p.!2[) and the intermediate IM 

(EH)- 



2.2 Zero curvarure representation and classical integrability 



The proof of the (classical) integrability of the 2-d models M , CT,(pT2D,(p36|) and ( ggO[) 
introduced in Sect. 2.1, is based on the following two basic ingredients j25 



zero curvature representation 

8A-8A- [A, A} = 0, A,Ae ©<=o,±ift 
of their equation of motion, 
fundamental Poisson bracket (FPR) relation 

{Ax{xi,t) f A x (x 2 ,t)} PB = [r c i, Ax(xi,t) <S> I + 1 <S> A x (x 2 ,t)]8(x 1 - x 2 ) 
where r c i denotes the classical r- matrix and A x = \ {A — A) . 



(2.23) 



(2.24) 



The Leznov-Saveliev matrix form |Tj| of the equations of motion derived from the corre- 
sponding Lagrangians (|L^) ,( ^!T^ ),( |2.16|) and (|2.20| ) is 



d(g 1 dg ) + [e^,g 1 e + g ] = 0, d(dg g : ) - [e + ,g e-g = 0, 



(2.25) 



with go(ip a , Xa, <Pi, R a ) G Gq given by eqns. (|2.5| ), (|2.11|) and (|2.18| ). It allows us to deduce 
the explicit form of the 2-d pure gauge potentials, namely, 



■A = -g Q e-g \ A = e + + dg g 1 



(2.26) 



They indeed satisfy eqns. ( |2.23j ) if g$ is a solution of eqns. ( |2.25| ). Their explicit form in 
terms of the fields <pi, i[) a , Xa , R a , etc is given in refs. ||, [|Kj, p3| , p4| . 
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The derivation of r c ; and the proof of eqn. ( j2.24|) is based on the explicit realization of 
(A x )ij in terms of fields and their canonical momenta. We next calculate the equal time 
matrix PBs: 

{A x (xi,t) f A x (x2,t)} ij . k i = {{Ax)ik, (Ax)ji} 

making use of the basic canonical PBs, say {<f)j(x, t), H^ k (y, £)} = 5jkS(x — y). The result for 
the IM QyD has the form 



r c i 



p 2 (C + - C-) (2.27) 



where 



c + = E E i*- 1 )^ ® />Jr m) + E (^i m) ® + ® ^" m) : 

m=l \o,6=l a>0 

+ JE^ 0) ®^> (2-28) 

and C _ = a(C + ), a (A B) — B eg) A; denotes the inverse of the Cartan matrix for 
QA n . It turns out that r c i has an universal form fl2.27|) , ( p.28| ) for each given algebra, say, 
A^ and does not depend on the choice of the specific graded structure and of e±, i.e., the 
abelian and nonabelian affine v4 n -Toda model provide different representations of the same 
FPR algebra ( gg§ Q 

The complete proof of the integrability of the considered models require two more steps. 
The first is the construction of the infinite set of conserved charges. Their existence and 



explicit form is well known consequence of the zero curvature representation ( |2.23| ) [25 
namely 

Tr(T(r) m ) = P m (r), d T P m = m = 0,±l,--- 

T(r) = lim Pexp / A x (r,x)dx (2.29) 

i.e., P m (0) are the conserved charges we seek. The last step is to prove that these conserved 
charges are in involution, i.e. 

\Pmii Pm 2 }pB — 

which is ensured by the specific form of the FPR (|2.24| ) and the explicit form of the charges 

p m (Pi- 



2.3 Identification of Dyonic IMs as perturbed CFTs 

The Hamiltonian reduction [|1J and the integrable relevant perturbations of certain confor- 
mal minimal models j§] , , , are known to be two equivalent methods for constructing and 

It is not however true for the quantum i?-matrices, which acquire specific form for each fixed graded 
structure and e± 



11 



solving a large class of IMs. As we have shown in Sect. 2.1, the first method is based on 
an appropriate graded structure (Q,G , e±) of the defining affine algebra Q (say, A£>) and 
each choice of Q, Q and e± determines one IMs. The second method introduced by Zamolod- 
chikov HJ], ||, consists in considering certain quantum CFT (i.e. conformal minimal model 
of one of the extended Virasoro algebras: conformal current algebra, W n , Z n -parafermionic 
algebra, f27J, f25fl, etc.) and adding to its Lagrangian a linear combination YJ a =i gaVaVa 



of certain relevant vertex operators of dimension A a + A a < 2 representing highest weight 
representations of the correseponding extended conformal algebra, i.e., 



f~"pert ^conf 

+ Y,9aV a (z)V a (z) (2.30) 

a=l 

The relation between these two methods has been demonstrated on the examples of sine- 



Gordon (SG) model as 0i,2</>i,2 perturbation of the Virasoro minimal models [30], abelian 
affine Toda as W n+ \ minimal model perturbations f20fl , the Lund-Regge model as per- 
turbation of the Zn parafermions PB| , [p2]| , etc. (see ref. [33[ for review). The problem 
we address in this Section is to recognize the IMs derived in Sect. 2.1 as perturbed CFTs. 
Therefore we have to answer the following two questions: 



which are the extended conformal algebras behind the conformal limits V 
V per t -> of the dyonic IMs O, (ra,(FT2|),CT) and CT) ? 



Vconf + 



how to identify the nonconformal part of their potentials V pert , say for the IM 



V, 



(<?) 



pert 



(2.31) 



with certain linear combinations of vertex operators of the underlying conformal models 
(of the K+i-algebra [0], g§, gl for the gauged IM (O))? 



One should consider separately the ?7(l)-IMs ( |1.2| ) (and ( |1.8| )) with n = 1 and n > 2, due 
to the fact that they are based on different type of extended conformal algebras, namely: 



the n = 1 ungauged IM (|1.2| ) is governed by the chiral SL(2, R) conformal current 
algebra and its gauged version SL(2, R)/U{\) - by the parafermionic algebra P7|. 



the n > 2 ungauged IMs (|1.2|) appear to be certain perturbations of the minimal 



models of the W^"i-Bershadsky-Polyakov algebra [|T^], JT^[. The conformal limit of 
the gauged IMs ( |1.8| ) with n > 2 is characterized by the nonlocal V^^-algebra of 
mixed PF-WVtype @, H, H- 



Similar separation takes place in the case of U(l) ® U(l) multicharged IMs ( |2.12D , ( ^.16[ ) 
and ( |2.20| ). The simplest case n = 2 represents relevant perturbations of the SL(2,R) <S> 
SL(2,R) WZW models, while the n > 3 case is related to specific quadratic (non-Lie) 
algebra spanned by two sets , a = l,n of spin s = ^ currents, two spin s = 1 



W, 



(n,2) 



n+1 



currents J\ a n and n — 2 currents T s of spin s = 2, 3, • • • n — 1. Its algebraic structure (i.e. 
the OPE's of these currents) is quite similar to the one of W%+ 1 algebra, but including an 



extra set of currents , 
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We first consider few different integrable perturbations of the SL(2, _R)-WZW model [5B 
|37fl, [ 38[] . For n = 1 the Lagrangian fll.2|) takes the form 

C p =\n = 1) = di^i? + d X ud^ u e 2(3R - K, K = m 2 Xu ^e 2 ^, i2 = ^ (2.32) 

Its conformal limit V u — > 0, (i.e. m 2 — > ) coincides with the SL(2, i?)-WZW model. We 
next remember that the vertex operators, representing the primary fields of the discrete 
series of highest weight representations ]TI|], ||39|| , | 4"0fl are given by 

Vi^(z, z) = ^+™ x ^ e W R = <S>f(z)<bf(z), m,m = -j, + (2.33) 

of conformal dimensions A$ = A$ = , i.e. A v = 2A$. Therefore the perturbation 
of SL(2,R) WZW model by V$ , can be represented by L v u 1 (n = 1) of eqn. ( [2.32| ). Since 
V u = Tre+goe^gQ 1 — Tre + e_ = Vqq for e± = mh^ 1 * 1 of grade ±1 with respect to the 
homogeneous grading Q = d and g G SL(2, R) we conclude that the IM (n = 1) defined by 
the above grading structure Q, e± of G = SL(2, R) is identical with the Vqq perturbation 
of the SL(2, R) WZW model. Note that in the classical limit k — > oo and Ay — > and 
therefore the constant m has dimension 1 in mass units. If we take the most general grade 
±1 elements 

e ± = m (a^h^ + a^E^ + a^E^) (2.34) 

instead of e± ~ we get a six parameter family of integrable perturbations of the 

SL(2, R) WZW model 

V u = i^af + at^)(-a-[ + a^x) + ^a+e" 2/3i? 

+ (a+^ + a+^ 2 -a+)(arx + a 2 'x 2 - % )e 2/3iJ (2.35) 



considered in ref. |37| . For arbitrary a { both SL(2, R)i e ft and SL(2, R) r i g ht are broken. 
Moreover, when af = a~ = we have 

[a x h^ + a 2 E^ + a 3 E { °l e±] = 

and therefore such perturbations has chiral Z7(l)j e /t <8> U{l) T i g ht symmetries. Particular ex- 
amples of chiral integrable perturbations by 

= *?(*), K {0) = <f?W 

have been introduced and studied in ref. |38[. It is important to mention that exhausting 
the possible gradings (Q = d) and e±'s (see eqn. (|2.34j )) one can classify all the integrable 
perturbations of a given WZW model, i.e. listing the admissible graded structures (G, Q, e±) 
one separates few integrable linear combinations of the vertices V^m among the large set of 
combinations with j < |. 

In the cases when the perturbation preserves the chiral U(l) symmetry (i.e. af = a~) 
one can further gauge fix this symmetry as it was explained in Sect. 2.1 (see eqn. ( |2.7D ). The 
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corresponding n = 1 gauged IMs ( |1.8| ) (or more general for e± given by eqn. ( |2.34j )) give rise 
to different integrable perturbations of the gauged SL(2, R)/U{1) - WZW (i.e. noncompact 



parafermions pifl ) and SU(2)/U(1) - (i.e. compact parafermions) studied in ref. P2[ , f36|j . 

The conformal limits of IMs (|1.2|) with n > 2 represent certain conformal v4 n -non-abelian 
Toda models introduced in ref. jlGj , p5| (see Sect. 2 and 8 of ref. £L6|). They can be defined 



as conformal gauged Go = H_\A n / H+-WZW model based on the finite dimensional Lie 
algebra A n , with H± e A n being the of positive and negative graded nilpotent subalgebras 
according to the following grading operator 



QC onf = £ A . . H (°\ eT f = E E ±L (2-36) 



^(0) 

i=2 i=2 



Similar to the conformal abelian Toda theory, the nontrivial conformal part 

Vconf = Tr(e c ° n f go€ c ° n f g~ l ) of potential V u (n > 2) is originated from the specific set of 

constraints on the A n -WZW currents: 

J- ai = J ai = 1, i = 2, ■ ■ -n, J -[ a ] — J[a] — 0, [«] = non simple root (2.37) 

encoded in e± n ^ ' . The vertices Vj = e~^^ mj ' Pi of dimension (1,1) represent the screening 
operators of the IV^+j-algebra. As it is well known these constraints reduce the original 
A n -chiral conformal current algebra to specific higher spin quadratic algebra of W^i+i-type 
studied by Polyakov |12] and Bershadsky JT3|. For example the n = 2 Bershadsky-Polyakov 



BP) algebra is generated by four chiral currents TV, G ± and J of spins s = 2, I, §, 1. 



It has the following OPE form [p~3| 



J{zi)J{z 2 ) = —^ + 0(z 12 ), G ± (z 1 )G ± (z 2 ) = 0(z 12 ) 

6z l2 
1 



J(z 1 )G ± (z 2 ) = ±—G ± (z 2 )+0(z 12 

Z\ 2 

cw 2 1 

— T + -rT w (z 2 ) + - 

zz i 2 Z 12 Zi2 



T w (zi)T w (z 2 ) = 7^ + —T w {z 2 ) + — dT w (z 2 ) + 0(z 12 ) 



T w (z 1 )G ± (z 2 ) = 7 ^ T G ± (z 2 ) + —dG ± (z 2 ) + 0(z 12 ) 

ZZi 2 Z\2 

T w { Zl )J{z 2 ) = —J{z 2 ) + —dJ{z 2 ) + 0{z X2 ) 

z \ 2 z 12 

G+{ Zl )G~{z 2 ) = (k + l)^±^- + 3^±^-J(z 2 ) 

z \ 2 Z\ 2 

+ —U: J 2 :-{k + ?,)T{z 2 ) + \{k + l)dj]+0{z l2 ) (2.38) 

where cw = -^K — 6fc — 1 is its central charge. In fact the original constraints of the n = 2 
BP model 



-Ct-2 
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are the image of the (|2.37| ) under the action of particular y4 2 -Weyl reflection w ai , i.e., 



w ai (a) = a — (a ■ ai)a\ 



w 



as it has been shown in Sect 8 of ref. [|16j. According to the analysis of the h.w. repre- 
sentations of the W^ 1 algebra (|2.38|) one can construct a specific class of degenerate vertex 
operators, that realize in the ip u , Xu, Ru, V 9 variables of our model (IO) acquire the form: 



V; 



j,a r ,s,Pr 



(2.39) 



where a r ^ s and (3 rjS are certain charges defined in Sect. 9 of ref. fl6| (see also [13|] ) For 
j = 1, m = fh = 0, a r ^ s = /3r )S = 1 and for j = m = rh = f3 r ^ s = 0, a r ^ s = 2 one recognize 
the two vertex operators that form the nonconformal part (i.e., the integrable perturbation) 
Vpert of V u , i.e., 



V, 



pert 



1,1,1 



Similar identifications takes place for the gauged version (1.8) of the n = 2 IM ( |1.2j ). In 



this case the role of the W^ 1 algebra and its vertex operators ( [2.39|) is played by the 



algebra of mixed PF- WVtype JT6[ , [|34| (spanned by the strees tensor T v and two PF currents 
V ± of spin s 



± 



1 - 



2 /. 13)) an d the corresponding h.w. vertex operators. The conformal 

extended algebras V^+i of the classical symmetries of the conformal limits V per t — > for 
generic n > 2 gauged IMs ( |1.8| ) have been constructed in ref. [IE]. Their quantum versions, 



the h.w. representations and the vertex operators are known, however only in the particular 



case of n 



i.e. 



V* 



(i-ih 



Therefore, the problem of identification of n > 3 gauged (and 



ungauged) dyonic IMs as perturbed CFT m.m's of the V^+i (and W^) algebras remains 
open. 



r(n) 



3 Dyonic IMs with U(l) local symmetry 



3.1 Gauged vs. ungauged IMs: conserved charges relations 

The invariance of the ungauged IM Lagrangian ( p..2[ ) under local U(l) transformations ( |1.4| ) 
(see eqn. ( |2.6|) for their matrix form) gives rise to the following chiral U(l) conserved 
currents: 



J(z) 
J(z) 



2n 

Tr(g 1 dg X 1 ■ H<®) = z—^fodRu - 2i^ u d Xu e iMR ^\ 



n+ 1 
2n 



(3.1) 



i.e., dJ = d.J = as one can verify by taking traces of eqns. ( 2.25 ) with X 1 -H^ (remembering 
that [Ai ■ e±] = 0). Hence the solutions of eqns. ( 2.25 ) are characterised by two infinite 
sets of conserved charges (m G Z), 



Q 



m+l 



J(z)z- m - L dz, Q 



m+l 



J(z)z 



—m—1 



dz 



(3.2) 
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Since the conservation of the chiral U(l) currents J and J is a consequence of the conservation 
of both vector J^ ec = and axial J^ xml = e^ v J u currents (i.e., <9 M J^ ec ' axml = o and therefore 
J M = (9^$, $ = $(z) + &(z)) we realize that 

J = J + J 1 = d$(z), J = J - Ji = 8$(z) (3.3) 

It implies the following relations between axial and vector [/(l)-charges Q vec , Qaxiai with the 
J, J-zero modes Qq, Qo- 

/od I roc _ ] _ 

J dx=- (J + J)dx = -(Qo + Qo), 
-CO Z J —CO Z 

/CO I /"CO _ | _ 

Jidx = - (J - J)dx = -(Qo — Qo) (3.4) 
-00 z J —00 ^ 

Taking into account the "chirality" of the free fields $(z),$(z), i.e., = 5$ (2) = 0, we 

have <9$ = 29 x $ and 9$ = — 2<9 a; < i ) . Therefore all charges Q vec , Qaxiai, Qo,Qo are defined in 
terms of the asymptotics of $ and $ at x — > ±00 (and fixed t, say £ = 0): 

/oo 
d^cfe = 2 ($(00) - $(-00)) , 
-00 

Qo = -2 /°° S^dac = -2 (l>(oo) - $(-00)) (3.5) 
J — 00 ^ ' 



We next observe that the second terms of J and J given by eqn. ( |3.1|) are in fact components 
of the global [/(l)-current 7" = (1,1), i.e., 

r = -it^lxud^u^^'^ , Br + di u = o, (3.6) 

generated by the following global [/(l)-transformations (e— const): 

ti l = il>«e i fc, Xu = Xue-^ e , K = R U , ti = <Pi (3.7) 
As one might expect, its charge Q^ = \ /^(Z + I)dx is not independent of Qo and Qo' 

In 1 - r°° 

Qu=—tQ u r-t;(Qo-Qo), Qr = Po d x R u dx (3.8) 
n + 1 2 j-oo 

due to the relation 

^(J- J) = ^.^-1(1 + 7) (3.9) 
between the currents J, J, J, 7 and the topological current Jr u = Po ePll/ d v R u , encoded in eqn. 



fl3.1| ). It reflects the fact that the transformation ( |3.7| ) is a particular case w = w = — e of 
eqn. flOp. 

As we have shown in Sect. 2.1, to each ungauged Go-IM with local Gq C Go symmetry, 
one can make in correspondence a new Go/Gg-gauged IM, by gauge fixing Gq. The procedure 
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of elimination of the extra G®- field degrees of freedom (R u for Gq = U(l)) consists in imposing 
constraints on the GQ-chiral currents (J(z) and J{z)): 

J g = Tr^glY^gl^-H) 

2n „ + 1 



-#,072,(1 + ^-^PgXge-^ 1 ) - 2i/3& g d Xg e- i ^ = 



n + 

J g = TridgliglY^-H) 

2?7 — 77 - r - 1 — 

= ^l^ BR ^ 1 + - 2iPhMe~ iPo<Pl = (3.10) 

The relation between the field variables g^ipu, Xu,R u ,^Pi) £ C of the ungauged IM (JE 

0« = e X^^ le /3(Ai-H(0)i?.„+^-> 8 ^ 1 ) e ^< 



and of the gauged IM flT|) ^(^ 9 , x<?, ¥i) e Cq/G^ 



is given by 

In components we find the following relations: 

R u = R g + po(w + w), <pf = <fl = <p h 

0u = Qg-\f3o{w-w), U = -^—ln(xu/^u) (3.12) 

They reflect (a) the axial gauge fixing of chiral U(1)l®U(1)r symmetry and (b) the specific 
choice of the representative g[ of the coset Go/G® (i.e. of the nonlocal field R g ) such that 
the Cp = i ( P-.8|) is local in i[> g ,Xg, i- e -> independent of _R 9 . It is instructive to verify that by 
gauge transforming R g ,ip g and Xg according to (|3.12|) with 

1 / tl ~\~ 1 \ _ i /n + r, T 



one recover eqn. ( |3.1| ) starting from the constraints ( |3.10| ) and vice versa. 
The form of the global U(l) current I 9 = (I s , I 9 ) of the gauged IM flL|) 



i.e., dl 9 + dl 9 = 0, suggests that the constraints p. 10] ) (i.e. the gauge fixing conditions) can 
be considered as a requirement of the proportionality of the electric current I 9 (|3.13| ) and 
the -R g -topological current J^ 9 = fioe^d^Rg, i.e., 

9n 

II = tJu 3 (3-14) 
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Note that in the ungauged IM ( |1.2| ) this relation is replaced by the more general one 

C = e, v {^-d v R u - A (3.15) 



n + 1 

and therefore I" and J^ u are independent due to the contribution of J u . The relation 
( |3.12| ) establised between the fields of the gauged and ungauged IMs allows us to relate the 
corresponding U(l) and topological currents and charges of both models: 

Qr = Qr-\ — (Qo ~~ Qo) — Q 9 r H — 2n~^ ax 

77 -\- 1 — 77-1-1 

Q u e = Q 9 e + -^(Q + Qo)=Q 9 e + ^Qvec (3.16) 

where we have introduced the topological charge Qg related to the field 9 g = 2^l n (Xg/4>g)- 
Replacing Q R in eqn. ( |3.8|) we find that 

977 

Qt = ^Q 9 R = Qf (3-17) 

i.e., the global U(l) charges (of the currents I£ and 1%) do coincide. This leads to the 
conclusion that one can determine the charge spectrum of the ungauged IM in terms of 
the charges Q 9 R , Qg, Qg (and Q^ p = Pq d x tpidx) of the gauged IM and the J, J charges 
(Qvec Qax or Q , (Qo), i.e., the asymptotics of $, 4>. 

3.2 Nonconformal GKO coset construction 



The relation between the fields (g^^gl and $, $), currents and charges ( p.l5| ), ( |3.16p and 



( p.l?1 ) of the ungauged G TM, the gauged Gq/Gq-IM and the chiral £7(1)-CFT addresess the 



question whether the stress-tensors (and the energies) of these theories are related in similar 
manner. Having in mind that for the conformal limits^ of the considered IMs ( |1 . 2| ) and (|1.8j ) 



according to Goddard-Kent-Olive (GKO) coset construction ||14j| , we have 



rjiCFT _ rpCFT _| rpCFT /Q -| fi \ 

2 G - 1 G /Gl+ 1 Gl \ 6A *t 



one might expect that an appropriate nonconformal extension of the GKO formula ( [3.1 8|) to 
take place. 

We start the derivation of the integrable models analog of eqn. ( |3.18| ) by calculating the 
ungauged IM stress-tensor 

T u = ^Ttodipidw + 2{n n +1) (dR u ) 2 + dxud^ u e l ^ R ^ + V u (3.19) 

f u = T u (d^d), T^ = -{T U + T U ), T^ = -{T U -T U ) 

2 — 



We next substitute R u , ifj u and Xu in T u , taking into account eqns. ( |3.12|) and the constraints 



( p.lOj ) as well. By straightforward simplifications we realize that T u can be written in terms 
H.e., negleting the perturbations V^ ert = ^ ^fi+fn-i)^ + ^^^^(flu-vi)) _ n ) an d yv^t 
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of the gauged IM fields ip g ,Xg an d y?z together with the {/(l)-CFT currents J = (3l^^dw 
and J = fil^p^dw only, i.e., 

T u = l^dipidifi + ^k e -^ + Vg + -^^{dwf (3.20) 

where A = 1 + P 2! ^4'gXg e ~ l3 ' pl ■ Finally, we remind that the stress-tensor of the gauged IM, 
derived from its Lagrangian ( |1.8| ) has the form 

V = \rmdipidipi + ^^e-^ + V g 



Therefore the nonconformal version of the GKO formula (|3.18| ) is given by 

rpU rpg | rpCFT rpU rjiQ . rpC FT ( q HI \ 

1 Go ~ 1 Go /G° +I G° > 1 Go - 1 Go /G° + 1 G° < •-»- 1 » 



or equivalently 

rpU rpg , rpCFT rpu THf? i rpC FT (o r\r\\ 

A oo — J 00"r J 00 > 00 00 ~ ^ 00 I^O.ZZJ 

where T CFT , T CFT are the [/(l)-CFT stress-tensors: 

t cft = ( g )2 rpCFT = Pin , B )2 (3 23) 

2(n+ l) v ; ' 2(n+ l) v ; v ; 

Note that the T CFT ,f CFT are chiral, i.e., dT CFT = df CFT = but T u ,T\f u ^ are not, 
since the corresponding gauged and ungauged IMs are not conformal invariant. 

The formal spliting of the Go- ungauged IM fields, currents and stress-tensor in [/(l)-CFT 
and gauged G /Gq-IM parts cannot be considered as an indication of a direct sum, since 
certain properties of the [/(l)-CFT (b.c.'s of w,w) depend on the gauged IM b.c.'s in the 
way indicated by the interaction terms of the ungauged IM, as we shall show in Subsect. 3.3. 

3.3 Vacua, boundary conditions and discrete symmetries 

The potential V u of the ungauged IM (|1.8|) for imaginary coupling (3 = if3 manifest n-distinct 
zeroes: 

Po n 

where N = 0, ±1, • • • ± (n — 1) mod n, I = 1, 2, ■ ■ • n — 1 and or, ag are real parameters. 
They represent the constant vacua solutions (i.e. E vac = 0, all charges Q^f = 0) of the eqn. 
of motion fl2.25| ). The vacua values and the boundary conditions of the massless fields R u 



and 6 U remain undefined by the V u — condition []. As usually the global symmetries of the 
model (Z 2 <8> Z n and U(l) vect0 r ® £/(l)axiaZ in our case ( |1.2| )) determine the complete vacua 

6 due to the fact that dV u /dR u = dV u /d6 u = 0, (i.e. R u and 6 U are flat directions) as one can see by 
suitable change of variables ip u = ip u e^ ll3Ru , Xu = Xu^~^ u and V u — ► V u 
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structure and allowed b.c.'s of all the fields. The Z n -group that leave C^ =1 ( |1.2| ) invariant 
acts as follows: 

2n IN . n 2tt / N-q-q^ 

<p > l = < Pl + - , e! u = R u + —{s r + 

Po n fa n 

< = ^e^ + -), X ' u = Xue m ^\ e' u = e u + ^(^ + s e ), (3.25) 

Po n 

where q,q = 0, ±1, • • • ± (n — 1) and s 1; s 2 , 2s# = Si + s 2 , Sr, Sq = s 2 — Si are integers. The 
Z n -charges of fields ip u , Xu and e" Vl are given by q, q and N mod n respectively . One can 
further combine the above Z n with the CP-transformation (Px = —x, Pd — d, P 2 = 1): 

ip'l = ip' u K = R U , < = X„, X'u = ^u (3.26) 

into the larger diedral group D n , requiring that ip u and Xu are conjugated, i.e., 

q = n — q (3.27) 

and w(t — x) <-> w(t + x). Indeed by considering only chiral (say, left) U(l) transformations 
(w^0,!« = 0) one breaks the CP-invariance (q = 0, but q^ n) and eqn. ( |3.26| ) does not take 
place in this case. Completing the discussion about the relation between global symmetries 
and the vacua solutions we have also to mention the following global U(l) vector (g> U(l) axia i 
symmetries of £~ =1 (|1.2|) : 



vector U(l) 



< = c-^-^,, X'u = e l ^ ae Xu 



axial £7(1) 



R' U = R U , <p'i = W, e' u = e u + faa e (3.28) 



< = e~^ a ^ u , x'l = e- ll ^ aR Xu, 
K = R u + Poa R , <p'l = <p h el = 6 u (3.29) 



Therefore the allowed b.c.'s for the fields at x — > ±oo are given by 

(TV),, s 2ttIN± ± 2?r ± N±- q±- q± 

Po n (3q n 

to(±oo) = 0, fl M (±oo) = /fra* + ^(4 + q± - q± ) (3.30) 

Po n 

Together with the vacua sector (defined by D n ® U (l) V ector ® U(^)axiai), the ungauged IM 
( |1 . 2| ) (in contrast to the gauged ( |1.8| )) admits a new conformal sector. Due to chiral U(l) 
symmetry (1.4) its equations of motion ([2.25 ) have conformal (1-D string-like) solutions 



V^ = ~, te = 0, e c J T = ^(w-w), R C U FT = p (w + w) (3.31) 
Po n l 
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with nonvanishing energy E CFT = ±P CFT ^ and charges (Qo, Qq 7^ 0) ( |3.5| ). The complete 
description of the U(l) CFT representing the conformal sector of the IM ( |1.2|) , requires the 

knowledge of the b.c.'s for the free fields $ = ^r^w and $ = ^r^w. The question to be 
answered is whether one can uniquely determine the $ b.c.'s from the relation ( |3.12 ) in 
terms of the b.c.'s of the fields of the ungauged IM (i[) u , x u , R u , <Pi given by eqn. ( |3.30| )) and 
of the gauged ones, ip g ,x g ,^Pi (see ref. 0). We first consider the ^-transformations of w 
and w (and $, <5). According to eqn. (|3.12j) we have, 

' Xu 

and therefore the w,w properties are a consequence of the ip u , ^-transformation ( |3.25| ) and 
of the ^ g ,x g ,R g ones §J: 

<// = ^ g e i <^ +h \ X ' g = X 9 e l7T{ ^ +S2) , R' g = R g , h + h = 25 (3.32) 
where §1, §2 and s are integers ( R g = j^R in the notation of ref. ||). The result 



7T N-2q ^ , 7T N-2q _ _ _ 

w = w + -J [s H ), w = w + — 2 -(s-\ ), s = sx - si, s = s 2 -s 2 (3.33) 

p n p n 



is consistent with the R u and 9 U transformations fl3.25| ) under the identification 

s = s R + s e , s = s R - s g (3.34) 

Note that the particular case of left movers, i.e., w = and id / takes place when the 
Z n -charge q of Xu is half of the v?i-charge: q = y and §2 = s 2 - 

The transformation properties (|3.33|) of w, w allow us to single out an important class of 
b.c.'s (at x — ^ ±00) for the £/(l)-CFT, namely, 

$(±00) = -^r(ns ± + N ± - 2q ± ), $(±00) = -^r(ns± +N ± - 2q ± ) (3.35) 
n + 1 n + 1 

They give rise to topological CFT solitons of vortex type constructed in the next Sect. 3.4. 
Observe that for these CFT solutions with b.c.'s Q3.35Q (i.e. interpolating between two 
coformal vacua s + ,q + ,N + — > s_,g_,iV_), the charges Qo,Qo (and Q a x,Qvec) Q3.5|) of the 
U(l) CFT takes the form: 

Qo = — + — ), s = s + - s_, j w = j v - 2j q , j v = N + - AL, j q = q+- g_, 
n + 1 n 

- Aim jyj. 

Qo = rr( s + — )' s = s + -s_, jyj = J,? - 2jg, jq = q+-q- 

n + 1 n 

s,seZ, j v ,j q ,jg = 0,±1, • • • ± (n - 1) mod n (3.36) 



The integers s, s denote the winding numbers of w and w, i.e. the number of times w winds 

S 1 of radius r = 7^1 when x is running from —00 to 00. The integers j w and ju, are the 

2 - 2 

Z n -charges of the vertices V^ w = e 2l P° w (or V^' Jtu = e 2l ^o w ). It is worthwhile to mention the 
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relation of Q and Q with the topological charges of the conformal fields R CFT = j3 (w + w) 
and 9ft FT = &(w — w), namely: 

Q C R FT = Po r d x R CFT dx = ^±i(Q - Qo), Q°e FT = Po f°° d x 6 CFT dx = ^(Qo + Qo 
J-oo An J-oo on 



We next remind the vacua structure of the gauged IM (1.8) 



^(±00) = ^, to(±oo) = 0, ^(±00) T:U 



Po n ' r ^ yv ' ' 3 v ' 2f% 

The corresponding Z7(l) charged topological g-solitons (= gauged solitons ) are characterized 
by their topological (J v ,jei) and electric j e \ charges, 



Q el = —~rPo / d x R g dx = $j el , 
n + 1 J-00 



Qe = Po I d x 9 g dx = j e = L + - L- 

2n r 00 „ , 47r/ 



®7 = 7T / d *^ dx = -W3<P> 3<p = N+-N„ mod n (3.37) 

where je = for 1-solitons and jo 7^ for charged breathers f{|, [pLOfl . The CFT dressing 
of such g-solitons according to eqn. ( |3.12| ) (with w and w having specific b.c.'s (|3~35| )) maps 
each g-soliton to topological soliton (or string) of the ungauged IM (|1.2f) (called u-soliton), 
carrying the charges of both CFT and g-solitons: 

(Jet 1 jtp: jo \s, jwi S, j w ) 

The one u-solitons are finite energy topological solutions of the IM ( |1.2| ) that interpolate 
between two different ungauged vacua 

(jv\s,jw;s,ju,) (3.38) 

{je = for 1-solitons). It becomes clear that the {/(l)-CFT provides each g-vacua (jip,jg) 
with an infinite tower of conformal "states" (|3.38|) called u- vacua. The origin of its structure 
is in the allowed b.c.'s ( ggDp for the IM (Q). 



3.4 U{1) CFT solitons 

We are interested in a specific class of topological solutions of £7(1) CFT with finite energy 
(real and positive) and having eqns. ( p.35|) as b.c.'s for $, S> (and w, w). The angular nature 
of w = 2PqW (and w = 2(3qw), i.e., of R% FT = 2(3 R CFT , is an indication that Wq,Wq we 
seek represent the map of 2-D Minkowski space M 2 to the torus T 2 : 

M 2 ^S[°®Sl°, r = -L 

z Po 
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with certain discontinuities (branch cuts) allowed. Hence they should satisfy 2-D Poisson 
equation 

dpdpWo = a ^ (2) (P~ Pi), a * = ( 3 - 39 ) 

where ai are static charges localized at pi and p = e a ° z , p = e a ° z denote the new coor- 
dinates. The problem is quite similar to the vortex solutions of 2-D Euclidean U(l) CFT 
l 4lfl with "magnetic operators" V£'°(zi) = e 2l/3 o w ^ creating discontinuity 2tcs at p = pi. It 
turns out that the simplest solution with all the required properties is given by the (twisted) 
Cayley transform: 

w tov = _ mn ( w to P = _ f5ln ( e^+A (3 4Q) 

\e a ° z -ij \e a ° z -ij 

with 

s = h (s + ^ , = S (,+ » } (3 - 41) 

and ao is an arbitrary infrared (IR) scale. In the pure winding sector (J w = 0, i.e., j q = 3 -f) 
we have 

w t Q P {oo) = 0, w t op (— oo) = 2ns 

which confirms the fact that maps the infinite interval (—00,00) to a circle. The energy 
of the left-moving solitons (vio = 0) takes the form (see eqn. (|3.23|) ): 

E C L Zi = fV^ds = ^ r(d x w^) 2 dx = r -^ W (* + J -) 2 \a \ (3.42) 

= A 

operator V^ ]w with topological charge 



The dimensionless quantity j^j ' = A coincides with the conformal dimension of the vortex 



Qo = ^(s + 3 -) (3.43) 
71 + 1 n 

i.e. A = ( 2 ^)2 n Qo- The general solution of eqn. (|3.39|) (with b.c.'s (|3.35| )) includes also an 
arbitrary holomorphic (i.e. string oscillators) part w s t r , i.e., 

w = w t0 p + w str , w str {±oo) = (3.44) 

It has the same charge ( |3.43|) as w top but its energy acquires "string" contributions from 

w str : 

E L - Strmg = \^(s + ^) 2 |a | + P 2 Y,QiQ-i I ( 3 - 45 ) 

n + 1 \ Pq n 



1^0 



where dw str = T,i^oQiz l - 
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We should mention that w top given by eqn. ( 3.4C ) is not the most general real non- 
homegeneous solution of eqn. ( |3.39|) . One can construct one parameter family w" op of such 
solutions with the same b.c.'s ( |3.35| ) but with arbitrary position of the branch cut: 



w 



top 



—i5 a ln 



e a z _|_ g- 



Pi 



TV 

2a 



(3.46) 



which for a = | concides with ( |3.40|) . By construction they carry the same topological 
charge ( |3.43| ), but their energy is a-dependent: 



E 



CFT 
L—sol 



An 



a 



(n + 1)(3 2 



s + 



Jw n2 

n 



2a' 



[l-a- 



cos{a j 
sin(a) 



(3.47) 



and positive for, say, ~ < a < 7r. 

The left (and right) solitons are massless by construction, since E L = P L (or E R = —Pr 
for the right ones). One could have however a nontrivial scattering of left and right solitons 
of rapidities b^ — b R ~ 0, 



E, 



E 



-P. 



R 



\M a e 



leading to massive poles at intermediate (crossover) energy scale ~ Mq that spoils the 
infrared scale (and conformal) invariance W^ - Kinematically such possibility indeed exists, 



Ml 



AE CFT E CFT^ 



br.-b 



R 







and it has been studied in the context of the marginal perturbation of SU(2) WZW model 
in ref. [4~2|. We assume that such phenomenon ( existence of preferable scale, breaking 
conformal symmetry at intermediate energies) takes place in the IM under consideration, i.e. 
together with massless solitons we also have the massive left-right solitons (for a = |) 



M 
Aim 



8n 



(n + l)(3l n 



s H )(s H )\a \ 



n 



n + l n 



47m ja 



(3.48) 



We remind that the CP-invariance ( p. 27f ) imposes 

s -5) jw ~l" jw ^{jf 



n 



jq + Jq 



n 



The proof of the conjecture of appearence of massive solitons at certain intermediate scale 
Mq requires the construction of the corresponding left-right S-matrices which is out of the 
scope of this paper. 



3.5 Spectrum of the ungauged 1-solitons 

The explicit construction of the u-solitons is based on eqn. (|3.12|) , replacing w and w by the 
[/(l)-CFT solitons (|3.40|) and ip g ,x g ,Rg = ~ by the corresponding 1-soliton solutions 
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of the gauged IM ( |OD (see eqns. (P~5])-( prTUl ) of ref. [f| ). The nonconformal GKO formula 
( p.21| ) allows us to calculate the energies (and masses) of the ungauged IM 1-solitons in terms 
of the energies of the constituent gauged and CFT solitons. For the left-u-solitons we find 

F F 4- F CFT P - P 4- P CFT F CFT - P CFT 

E g = Mg cosh 6, P g = - M g shih 6, = Mg (M g + 2 E^ F J ol e b ) (3.49) 

where b is the g-soliton velocity and M g its mass || 

M 9 = ^n\sm^ j| (3.50) 

Due to the arbitrariness of the |ao| scale, we can introduce a new scale parameter m , such 
that [a.o | = m e~ b . Then the mass M u of the ungauged 1-soliton takes the form 

m J \m J \m (n + v n' ) 

which in fact determines the dimensionless mass-ratios ^ only. According to eqns. (|3.16| ), 
( p.l?| ) and ( |3.43| ) the charge spectrum of the left u-soliton is given by: 



Q'e = ^Qo = ^s + ^), Q* = 
Sn 2 n 



n + 1 ( q2 . 27m ( _ i j % 



n V n + 1 n 

Q U el = Q 9 el=ffijel, jel = 0, ±1, ±2, • • • (3.52) 

Similar formulae take place for the right-u-soliton (m) = 0,#^0). 

The spectrum of the left-right u-soliton combines the energies, masses and charges of the 
g-soliton |§ with the left-right soliton ( |3.48[) : 

E F - R = E g + E c L Zi + E c R F Zu M^ R = Mg + M 
n 4- 1 - r?4-l/ 1 - \ 

Q? = -i—(Qo + Qa), Q R = ^[Q u ei + o(Q -Q )) (3-53) 

on An \ z j 

Together with charged topological u-solitons representing stable strong coupling particles 
one can also have u-strings represented by eqns. (|3.12j ), but with w iov ,Wtop of eqn. ( |3.40| ) 
replaced by w = w top + w str ( P-44Q . They have the same charge spectrum as the u-solitons 
(but with infinite set of charges Qk and Qk added) and the energy spectrum including the 
string oscillator part: 

-^string _ ^ _|_ F L _ string 4- E R -. string (3.54) 

where E L _ string , (E R _ string ) are given by (|3.45| ). 
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3.6 #-terms, dyonic effects and spectral flows 

Similarly to the gauged IM 0, one can add to the ungauged IM Lagrangian ( |1.2|) certain 
topological 6*-terms, i.e., £„ TOpr = C u + <5£^ op with 5C l ° p given by 

° n \k=i k=i 
+ nu^d^djn^)), (3.55) 

(i/fc, z>fc, v R are real parameters). They do not change the equations of motion, but contributes 
to the charges Q e i,Qo,Qo — * Q e ™ pr ,Q t ™ pr ,Qo npr - For example, the electric current 7" Q3.6Q 
(generated by the global U(l) transformations (|3.7|) ) acquires extra terms, 

I u / mpr = i; - §~ 2 e,u (j2 vtd» Vk + 27rv R d»R^j (3.56) 

Then, say for left-u-solitons we have 

uB 2 v R vB 2 v R B 2 

Qimpr _ ^. _t_0,; _ _ D u syimpr _ ^ " HQ ■ _J_0_n u 

el — VeZ — Jip ~ V_R; Vo ~~ VO Jip Vfl ? 

27T 271 71 71 

Qr = ^(Qei + \Qo), Qe = ^Qo (3.57) 
where we have introduced v and v as follows 

-y n— 1 j n — 1 

n fc = i ra fc = i 

Taking into account eqn. (|3.43| ) and that Q*7 Pr = /^oie; is quantized semiclassically 0, we 
derive the improved charge spectrum 

impr Ann f3$v R (n+l) ^ j w f3$9 . f3%v R . 

n + 1 87m n 71 2 



Qei = y vR( n ' (3.58) 

1 - aa^(n + l) 



47rn 



The interpretation of the parameters z/^, z/^ and z/ R as external constant magnetic fields is 



similar to one already presented in refs. M 

Note that the shift in Q by Pj v and vb3q that gives Q l ™ pr ( p. 57] ) ( and similar for <5o mpr ) 
appears to be the nonconformal analog of the spectral flow 



j$ = J 3 ° + ~u> (3.59) 

{Co is an integer) playing an important role in the description of AdS^-CFT (i.e. the repre- 
sentations of SL{2,R) current algebra). 
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3.7 Solitons of deformed SL(2, R)-WZW model 

As we have mentioned in Sect. 2.3, the particular case n — 1 and (3 real of the IM ( |1.2j ) 
represents integrable deformation of the SL(2, i?)-WZW model described by the Lagrangian 
( P-32j ). The problem of the vacua structure and soliton solutions of this IM should be 
considered separately by the following three reasons: 

• its potential V™ =1 = m 2 ip u Xu^ Ru has not distinct zeroes and therefore one cannot 
expect to have topological solitons. 

• for real (3 the R CFT (and w,w) b.c.'s are not periodic and as a consequence the U(l)- 
CFT solitons are not topological too. 



• contrary to the n > 2 IMs the g-solitons of the n—1 gauged IM (i.e. Lund-Regge jH 
[PJ) which are an important ingredient of the u-solitons are also nontopological. 

Therefore we have to make certain modifications in the arguments of Sect. 3.3 - 3.5 in order 
to derive the spectrum of such nontopological u-solitons. All the relations between currents, 
charges and stress-tensors of the gauged and ungauged IM of Sect. 3.1 and 3.2 are still valid 
for n — 1 and (3 real. For example, the field relation ( [3 . 1 2|) now reads 



R u = R g + (3(w + w), 9 u = 9 g 



P. 



[w — w) 



9 2 

i>u = ^e"^-^, X u = X 9 e-^-^ (3.60) 



Due to the fact that this case (n = 1, (3 real)[| we have no analog of the Z n discrete symmetry 
( |3.25| ), the b.c.'s of the R u (and w,w) are determined by the global U{l) vect or ® U{l) ax i a i 
transformations ( 3.28) and ( |3.29| ) only, i.e., 



< = V«e-^°» Xu = Xue-- aR , R' u = R u + f3a R , 6' u = 9 U , 

< = ^e-^, x'L = Xue p2a \ K = R U , 9' u = 9 u + f3a e (3.61) 

Therefore the allowed b.c.'s for w and w have the form 

w = w + a w , w — w + a w , a w + a w = an, a w — a w = 2clq (3.62) 

where a w ,a w ,dR, ag are arbitrary real constants. As a consequence of ( |3.62|) we can chose 



iy(±oo) = a w , w(±oo) = (3.63) 
which determine the spectrum of the ?7(l)-charges Qo, Qo, namely 

Qo = W 2 K ~ a.-) = Q = -2[3 2 (a+-aZ) = -^ (3.64) 



7 for imaginary (3 = i/3o and n = 1, i.e., SU(2,R)-WZW, however the following Z-transformation i/j' u = 
^ue t7rs , x' u = Xue-™ s , i?^ = i?„-fs fl takesplace(^ = x tl inSU(2)case). 
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Since 2f3R CFT and 2/3 2 w are not angular variables in the SL(2, R) case (and the charge 
spectrum is continuous) the w top and w top in the form (|3.40|) have no topological meaning. 
They map Mi into a rectangle (with finite area 7i 2 55) instead the torus as it is in the case 
of imaginary (3 = i(3q. Our choice of w top and w top is again in the form ( |3.40| ), but with 
6, 5-continuous, i.e., 

It is dictated by eqns. (|3.39|) and indeed ensures the required discontinuities. The energy of 
such solutions ( "nontopological" CFT-solitons) is finite and positive: 

t^CFT 8(2 - , t^CFT Set | I , , 

E L _ sol = —\a Q \, E R _ sol = —\a \ (3.66) 

According to eqn. (|3.60|) (and similarly to the generic n > 2 case of Sect. 3.5) the 1-solitons 
of this deformed SL(2, i?)-WZW are a composition of the above "CFT-solitons" and the 
1-solitons (nontopological) of the gauged n — 1 IM (i.e. Lund-Regge model ||44|| ). Their semi 
classical spectrum H5J is given by 



M 9 = |jsin(^), Q 9 el = (3 2 j e i, j ei = 0, ±1, ±2, ■ • • (3.67) 
Hence the spectrum of the nontopological left 1-solitons of the IM ( |2.32| ) has the form 

Q U R = P 2 jei + ^, Qe = ^ Ml = M g {M g + l ^-m ) (3.68) 

The energy of the corresponding n — 1 string solutions is quite similar to the generic n 
formula ( 3-45Q , ( |3.54 ) with E L _ so i replaced by (|3.66|) and E g - with the Lund-Regge soliton 
energy. 

It is worthwile to mention that in the 577(2) case ((3 = i@o, R u with periodic b.c.'s and 
ip* = Xu) the charges Qq, Qq are quantized, i.e. a = s G Z and the corresponding CFT- 
solitons are topological and stable. Similarly to the n > 2 IMs (|1.2|) the deformed SU(2) 
WZW admits four kinds of 1-soliton solutions: 

• massless topological U(l) CFT solitons and strings 

• massive solitons of the gauged (Lund-Regge )IM 

• massive composite left (and right ) u-solitons 

• massive left-right u-solitons 

Whether the composed left-u-solitons of deformed SL(2, R) WZW with spectrum ( |3.68| ) 
represent stable strong coupling particles is an open question. It is clear however that the 
corresponding u-solitons of the SU (2) model are indeed topologicaly stable. 



28 



4 Multicharged IMs with local and global symmetries 



Among the vast family of dyonic IMs introduced in Sect. 2, we have choosen the simplest 
A-n {p = 1) IM (P-.2Q (with one local U(l) symmetry) in order to demonstrate how the 
spectrum of its u-solitons can be realized in terms of the charges, energies , etc of the 
g-solitons of the gauged IM (|1.8|) and certain £7(1) CFT solitons (|3.40|) . It is natural to 



address the question of whether the established reduction of the ungauged IM properties 
to the corresponding gauged IM combined with U(l) CFT (with specific b.c.'s) takes place 
for generic multicharged IMs, i.e., Qq = U(l) 1 . Our main attention in the present section 
is concentrated on the Qq = U(l) ® U(l) multicharged IM ( |2. 12| ) and particularly on the 



intermediate IM (|2.16|) with one local and one global U(l) symmetries. 



4.1 Conserved charges and GKO energy spliting 

The chiral U(l) <g> U(l) conserved currents 

J a = Tr (g^dgoK ■ # (0) ) , J a = Tr (Bg g^X a ■ H®) ,a = l,n 



(go G Go is given by eqn. fl2.11|) ) of the ungauged IM Q2.12|) , generated by the transformations 
Q2.14j ), fl2.15| ), take the following explicit form: 



n + 1 
n + 



J n = -^(0J2? + ndR u n ) - i^e^"^, 



n+ 1 

We denote their charges by 



n + 1 

J n = _^°_(&r^ + ndR u n ) - if3li)ldx u n e iMRl -* n - 2) (4.1) 



Q a m+ i = f J a (z)z- m - 1 dz, Q a m+1 = jj a {z)z- m - x dz, meZ (4.2) 
Similarly to the U(l) case (|3.8|), the topological charges 

/oo 
d x R u a dx, a = l,n, (4.3) 
-oo 

the global U(l) <£> U(l) electric charges Ql l ' u : 

rod 

J — oo 
/■oo 

Qn u = iPo / (C#Xn - xld^)e iMR --^' 2) dx (4.4) 
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and zero modes Qq, Qq of the chiral currents J a , J a are related as follows 



eLu 



Ql 



n + 
2 

n + 



(Q { l + nQ%!)-^Qr-Q 



(n) 



>?>! 



(4.5) 



The fact that by construction the gauged IM (|2.20| ) is a result of the gauge fixing of the 
local U{1) <g> symmetries ( |2.15| ) (in the way that J a = J a = 0) and of the consequent 
elimination of two degrees of freedom a = l,n lead to the following relation between the 
gauged and ungauged fields appearing in ( |2.2(J| ) and in ( |2 . 1 2| ) resp ect ively, 



0", 



R 9 a + P (w a + w a 

na A)/ — \ 

g - —(W a -W a ) 



<Pl =( Pl= <Pb 
5 Afl A.a 



, a = 1, n 



0" 



1 -0" 



2^0 v xr 



(4.6) 



The matrix form of these relations is given by eqn. ([2.21 ). As in the case of the [/(l)-models 
of Sect. 3, eqns. ( |4.6| ) are crucial in the construction of the solutions of the ungauged IM 
( [2.12j ) in terms of the known solutions [2^] of the gauged IM (|2.20|) and certain U(l) ®U(1) - 
CFT solutions (i.e. specific w a , w a ). An important byproduct of eqns. fl4.6|) are the following 
relations between the charges (topological and Noether) of both models ( 2.12j ) and (|2.20 ) 





— QrI + 


n (n) 


= Qrq + 


(l) 


= Qea + 




= QeJ + 



n 



4(n - 


1) 


n 




4(n - 


1) 


n 




8(n - 


1) 


n 





Qo Qo ' ~(Qo 

n 



(1) 



n-l) 



n 



Qo n) + Qo n > + -(Qo 1 ' + Qo 1 ') 

n 



(4.7) 



where the charges Qo, Qo have been realized in terms of the asymptotics of the free fields 
$ a (A $ a (z) (i.e., J a = <9$ a , J a = d$ a ): 



Qo 



d x $ a dx = 2($ a (oo) - $ a (-oo)), 



oo 

CO 



/OO _ _ _ 

d x <$> a dx = -2($ a (cx)) - $ a (-oo)) 
-co 

which are related to w a and w a as follows 

$ (i) = ^L (nwi + Wn); $(D 
n + 1 

$ (n) = ^o_( Wl + nWn ^ $W = -^.(wi + nw n ) 



(4i 



n+ 1 



2/3g ( 
n + 1 
2/^ 2 
n+ 1 



(4.9) 
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Again, as in the £7(1) case ( |3.17| ), the electric charges Qf' u and Q^ ,g of the ungauged and 
gauged IMs do coincide: 



Qt u = ^ ri {nQ { H + Q { S)=Q el ' 9 



1 5 



Qn' u = (OS + ngg) = Q^' 9 (4.10) 



as one can verify by substituting ( |4.7|) in (|47 

The generalization of the nonconformal GKO formulae ( |3.21| ) and ( |3.22| ) to the case 
of multicharged IMs ( [2.12j ) and (|2.20|) is straightforward. Substituting eqns. ( |4.6|) in the 
ungauged IM stress-tensor: 



rpu 



-riijdtpidtpj + d^dxle^-^ + d^ u n dx u n e mi ^ n - 2) 



" 2 2 

+ ((^i) 2 + (^n) 2 + ^dR-dRlj + V u (4.11) 



and Tp =2 = T^ =2 (d — > d) and taking into account the constraints [^3|] 

J(z) = Tr{{gly l dglK ■ H®) = J{z) = Tr(dg f Q (g f )- 1 X a ■ H®) = 0, 
we realize that the following GKO-spliting 

T; =2 = T g v=2 + /5 2 ^T) {( dw ^ + ( dw ^ + l(dw 1 )(dw n )^j (4.12) 

takes place. We have denoted by T^ =2 the canonical stress-tensor of the gauged IM derived 
from its Lagrangian fl2.20|) , 



71 

+ 1} (xi^nd^dxi + xiTp 9 idr n dxi)e- p(lpi+lpn+2 ^ + V 9 (4.13) 

One can further diagonalize the U(l) ® Z7(1)-CFT stress-tensor 

T P % T = Po^Y) ((^i) 2 + (dw n f + 2 -d Wl dw n ) , dT p % T = 
by introducing new fields w±: 

1 1 

w± = -(wi±w n ), w± = -(w 1 ±w n ) (4.14) 



The result is: 



T£f 2 T = P 2 ((dw + f + ^(^-) 2 ) = T+ FT + TS FT , (4.15) 
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and the same for T£I 2 T = T^I 2 T {d -> d). 

The intermediate IM ( |2.16|) , introduced in Sect. 2, is a result of the gauge fixing of one 
of the local U(l) symmetries, say, 



J + = lTr(dg^ t (g^)- 1 (X 1 + X n )-H^)=0 



(4.16) 



of the ungauged IM ( 2.12|) . Its Lagrangian is invariant under chiral U(l) (spanned by 
|(Ai — A n ) • H^) transformation ( j2.19| ) with conserved current <9J_ = <9J_ = 



n — 1 



n + 1 



)A dR u 



-Tr - K) ■ # {0) ) = 2&( 

( P 2 - 

J_(d - 9, V. - Xa) = irr (dgFigg*)- 1 ^ - A n ) • E«>) 



where 



,77,-1 



: 777_, 



2$ 



,77 — 1 



77 + 1 ' ,U 77+1 

They are also invariant under global U(l) transformation 

We denote the charges of the J_ and J_ currents by 

Q m+1 = j J_(z)z- m - l dz, Q m+1 = j J_{z)z™-Hz, 
i.e., we have for their zero modes: 

/oo _ poo _ 

d x <5>.dx, Q" = -2 / d x $.dx 
-oo J — oo 

The global [/(l)-charges are now given by 



-W- 



Q«t u =~{QT u ±Qf u ) 



Taking into account eqn. ( [4.10|) , we derive the following relation 



Q 



eLu 



2Q* = Q 



Q e b u = 2- — -Q R = Q e b 9 

72+1 9 



(4.17) 



(4.18) 



(4.19) 



(4.20) 



(4.21) 
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between Q± u and the topological charges 



Qr„ = A> / d x RgdX, Rg = M + I%), 



OO 

oo 



1 

2 { 

Qr, = A / d x R„dx, R, = UR\ - fif) (4.22) 

J — OO L 

Note that the topological charge Qr u , i.e., 

/oo _ 
d x R u dx 
-oo 

is not proportional to the electric charge Q e l ,u , due to the more general relation 

i(Qo " Oo ) = 2 (^l)^ - G-" ( 4 - 23 ) 

which follows from eqn. (|4.17|) . 

According to eqn. Q2.18| ) the fields of the intermediate model ip a ,Xa,R can be realized in 
terms of the fields of the ungauged IM z/>^, x u a i R% an d the free fields w + and w + : 



Ru 



Rl nt + (3 (w + + w + ), <fi = tf 



p _ pint p 



(4.24) 



Similarly we can relate the intermediate IM fields with those of the gauged IM ( |1.8|) ip^, x g a i R 9 a i 
taking into account eqns. ( 14.24) ) , ( |4.(3[ ) and ( |4.14| ): 



R 



A, 



Xn = x 9 n e^ w - + ^ R °, 9 a = eiT^{w--w-), o=l,n 



(4.25) 



Therefore the topological charges of the intermediate IM can be realized in terms of the 
corresponding gauged IM charges and the J_ and J_ zero modes: 

71 + 1 

Qru = Qro + 771 77 Wo — Qo ), 



4(n - 1) 
n + 1 



Q, 



(n) 



(n-1) 
n + 1 



(Qo +00"), 



Finally, the GKO energy spliting for the intermediate IM takes the form 

,71 — 1, 



T"=T;% + (3 2 (dw + ) 2 , t;% = t« 2 + A 



n + 1 



)(<9w_ 



(4.26) 



(4.27) 
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The stress-tensor of the intermediate IM ( |2.16| ) is given by 

L 17, -\- 1 l\q \ 4 

+ (1 + ^iXie' ipo(R ~ Vl) )e iMR+ ^- 2) d^ n dXn 

- ^e^^^- 3 \^XndxMn+^nXi^nd^ +V int (4.28) 
and T" 2 and TiL 2 by eqns. (|4.11|) and Q4.131 ) respectively. 



4.2 Vacua Structure and 1-solitons of the U(l) <S> U(l) ungauged 
IM 

Together with the local (and global) U(l) ® U(l) symmetries (described in Sect. 4.1) the 
ungauged IM Lagrangian (|2.12|) is also invariant under discrete Z 2 ®Z 2 ®Z n _\ transformations 
(for imaginary coupling (3 = ifio). The action of the Z n _i group on the fields <pi, ipa, Xa an d 
K% is quite similar to the Z n transformations (|3.25| ) for the U(l) model (i.e. p — 1) (|1.2f) . It 



is easy to check that Cp =2 ( |2.12j) remains invariant under the following Z n _i transformation: 

2n IN , , n 

= W + H 7' t = 1,2, • • - 2, 

Pan -I 

(ff uy R u | 2 V (i) | N-q 1 -q 1 

Po r — 1 

(KJ - K n + —[s R J, 

Po r — i 

= e^ +s ^, (*?)' = e^ +Sl \l 

«)' = e -^£?H*»ty« ( X U J = e-^^\l (4.29) 



where Sr, s a , s a , (s a ± s a = 2s±^) are integers and q a , q a , N = 0, 1, • • • n — 2 mod (n — 1) 
are the Z„_i charges of the fields Xa an d e l/3o</ ' 1 respectively. The first Z 2 acts as field 
reflections: 



<ft = Vn-l-l, (Rl)' = R w (Rn) = Rl, 

= c (cr=v>f\ (x?r=xs, (xsr=x?, (4.30) 



i.e. interchanging the Z n _\ charges of (fx and (p n - 2 , an d d -^i an d K> e ^ c - 

iV -»• n - 1 - N, q a -> n - 1 - g , q a ^n-l-q a 

This extends the to the diedral group -D n _i. The other Z2 group represents the following 
CP-transformations: 

= ^, {Rir = Ri m m = & (xw=r a , 

Px = -x, Pd = d, P 2 = 1 (4.31) 
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The vacuum solutions for the ungauged IM ( |2.12| ) are given by 

v W = ( *k ) JN^ te = 0; R u = p A e u a =^a% (4.32) 
Po n — l 



For such field configuration the potential V™ =2 ( |2.13| ) shows (n — l)-distinct zeroes. By chiral 



U(l) ® U(l) transformations (|2.15|) one map these constant vacua solutions into a special 
class of conformal invariant solutions 

{N) _ 2nJN_ u _ 

K CFT = Po(w a + w a ), 9 u a ' CFT = ^(w a -w a ), a = l,n (4.33) 

representing string (2-d free fields w a ,w a ) in flat 2-d target space, i.e., U(l) <g> £/(l)-CFT. 
Among all possible string-like and particle-like finite energy [E CFT = ±P CFT ) solutions of 
this CFT, we seek for a special family of charged topological massless solitons. As in the 
case of L r (l)-CFT (see Sect. 3.3 and 3.4) crucial for the existence of such solutions are the 
nontrivial b.c. for w a ,w a , supported by certain discrete symmetries (Z n _i in our case). It is 
not necessary to impose an appropriate b.c, since they are already encoded in eqns. ( |4.6| ) 



and ( |4.29|) . Taking into account the Z n _i transformations of the gauged IM Q2.12|) fields [23| : 



(it*)' = Rl ri = Vl (4.34) 
we derive the following discrete transformations for w a ,w a , 



, 7T N — 2q a , _ 7r N — 2q a 
w a = w a + — i (s a + e a — ), w a = w a + -2 (s a + e a — ), (4.35) 

fjQ Ti 1 /Jo Ti 1 



where e\ = — e n = 1. The Z n -\ properties ( |4.35| ) of w a ,w a (and of the diagonal fields ( |4.14| ) 
and xZ) ± ) allow us to distiguish an important class of b.c. for the U(l) ® [/(l)-CFTs free 
fields $ a (z) and $ a (z) of eqns, 



$+(±oo) = n{sf + s± + 



2(9^-9?) 



n — 1 ' 

*.(±») = rlzfo- ^Wt-tf-tf) ) (4.36) 
n+1 n — 1 



where <&± are defined as follows 



$ + = i($« + $W) = 2/3 V, 

$_ = !($« -$W) = 2^— ^/3 2 w_, 
2 V ; n + T° ' 

J± = <9$±, J ± = i(Jx±J n ) (4.37) 
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Therefore the CFT solutions interpolating between two vacua 

($+(oo),$_(oo)) -> ($+(-oo),$_(-oo)) 
carry nontrivial topological charges Qq and 

Qo + = 2 [°° d x $ + dx = 47r(s + + ^-), 
J-oo n — 1 

poo y) — 1 j+ 

Q~ = 2 d x $-dx = 4—- tt( S _ + "' ~ 



n + 1 n — 1 

+ = -M^ + ^r), g^ = -47r^i(5- + -^ T ) (4.38) 
n — 1 n + 1 n — 1 

where Sl ± s n = 2s±, 2j± = j« ± j'W, j» = ^ - 2#, ^ = N + - AL, j« = 

It becomes clear that the conformal vacua of the U(l) <8> [/(l)-CFT are characterized by the 

winding numbers s± and s± of the fields 2/3qW± and 2[3qW± and by the Z n _i charges j^;, j^ 1 

of the vertices V±^ = e 2i/3 ° w± and Kj ±J * = e 2i/3 o™±. Similarly to the [/(l)-case of Sect. 3.4, 
the topological solitons of the U(l) <g> [/(l)-CFT with all the above properties are nothing 
but the map of 2-d dimension space M 2 to 4-torus T 4 = (ST ) 4 , r = -At. Their explicit form 
is a generalization of the 1-soliton w top ( |3.40| ) of [/(l)-CFT: 

top -r ; / c ~ * \ -top -r r / c ~ * \ 

w;± = —io±ln : , w± F = —%o±ln 



a^+A*- ^frt+Sj (4 - 39) 



We next calculate the energy E v h * sol of the left moving massless solitons (see eqn. (|4.15|) ): 

J — oo J-oo \ Tl T 1 / 



or explicitly: 



- 4f(s + + ^r) 2 + ^4( s - + ^r) 2 l ( 4 - 4 °) 



a | fto \ n — 1 n + 1 n 



One can also have finite energy string-like solutions with the same topological charges (|4.38| ), 
but admiting arbitrary holomorphic parts wf tr of w ± , i.e., 

w ± = w± p + wf tr , w± r {±oo) = 



The energy of such string solutions gets contributions from dw% r = J2k^o Qt z ■ 

Ei = * strmg = iCL + Pi E (QtQ-k + ^QkQ-k) ( 4 - 41 ) 
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We should mention that the most general particle-like 1-soliton is represented by the following 
two parameter family of solutions: 



e a z _|_ e ta± \ ^ 

wt p (a ± ) = -i6 ± (a ± )ln ( — - e _ ia± J , 5 ± (a ± ) = —5 ± (4.42) 



They have the same topological charges ( [4.38| ) as wf op {a± = tt/2) = wf^, but different 
energies (for a± ^ tt/2, it/ 4 < a± < it) 



2|ao|^/J_ Ji 
Pi W S++ n 



E i-soi( a +, «-) = — §o— ~^-( s + + -^t) 2 (! - a+cotg(a+)) 



+ 4"('?-t4 > )( s - + ^ L t) 2 ( 1 -«- C0 *»(«-))) ( 4 - 43 ) 



oc. \n + 1/ n 

which coincides with (|4.40|) for a± = 7r/2. 

Given the 1-solitons @ of the gauged IM ( gg§ and the 17(1) <g> C/(1)-CFT topological 
massless solitons (|4.39|) and (|4.42j ) we can construct the ungauged 1-solitons of the IM ( p. 12 



according to eqns. ( |4.6| ). Then the GKO formula (4.12) allows us to calculate the energy of 
say, left-u-solitons (i.e., w ± ^ O,^ = 0): 

pr 2 = pr + p L- F L(p = ^ E^ = P^\ 

E p = 2 = M£ =2 cosh(6), P p=2 = -M p=2 sinh(6) (4.44) 

where b is the velocity of the gauged IM 1-solitons and M g their mass ||23|| : 

2= Mn-l) |sin 4 ! r^-^ M 
/3 2 1 4(n-l) 1 

For |a | = moe~ b , the mass of u-solitons is given by 

(M^y _ Mr 2 (M r 2 + 2 e^_u p = 2) \ (4 45) 



mo / mo V mo mo 



Taking into account the charge relations ( [4.5| ), ( [4.7| ) and ( |4.10| ) we have established in Sect. 
4.1, we derive the charge spectrum of the left-u-soliton: 



Q+ = 4vr( S+ + -^-), Q- = 47r— + 



n — V 1 n + 1 v n — 1 ' 



2 y L n ' 2 " 2 

% = ^2-oS) = 4^y^e, + Oo-) 



= 4^Tj^ + , ^ = ^o (4-46) 

where (i.e. jel £ Z and 5q G -R) represent the semiclassical electric charges of the gauged 
1-solitons l2l 
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4.3 Soliton spectrum of the intermediate IM 



The intermediate model ( |2.16|) arises from the ungauged IM ( |2 . 1 2|) by axial gauge fixing 
one of the chiral U(l) symmetries, namely by imposing the constraints J + = J + = (see 
eqn. ( |4.16| )) and keeping J_ and J_ unconstrained. The same way we have constructed 
u-solitons as conformal dressing by u^ op ( }4.39|) of the 1-solitons p3f of the gauged IM (|2.20| ), 
the intermediate 1-solitons can be constructed by U(l) CFT-dressing of the same g-solitons 
by Wt op and w t ~ p according to eqns. ( |4.25|) . The relations between the solitons of the gauged, 
intermediate and ungauged IMs, established in Sect. 4.1 provide an alternative construction 
of these int-solitons as a reduction of the u-solitons by requiring that w + = w + = 0, i.e., 



qi = q n = q, Qx = q n = q, 







In order to make transparent the properties of these solitons (and the origin of the b.c.'s 
for w~,w~) we shall derive the vacua structure of the IM ( 2.16|) and its discrete symmetries 
independently of the relations with the ungauged IM ( |2.12| ) . The Z n _i transformations that 
leave invariant the Lagrangian (|2.16|) have the form: 



R 1 



- 



2tt N-q-q 

R+-t{sr + : — 

Po n- 1 



), y/ = <p,+ 



ei = - 
2tt IN 

Po n - : 



1; s a ± s a — 2L a 



(4.47) 



where s a , s a and L a are integers and q,q,N = 0,1, ■ ■ ■ n — 2 mod (n — 1) are the Z n _\ 
charges of the corresponding fields. Repeating the arguments of Sect. 4.2. we find that 



w'_ = + —2 [S- + 



, N-2q^ 
PV + n-1 



w 



W- + 



7T 

Wo 



s- + 



N-2q, 



n 



1 



(4.48) 



and therefore the b.c.'s for the free field $_ = 2(3q^^W- (i.e., J_ = <9$_) are given by 

N±-2q ± ^ 



$_(±00) = 7r(s , + 



11 



(4.49) 



As a consequence the charges Q and Q (|4.19|) for the solutions having the above asymp- 
totics take the form, 



Qo 

3w 



n — 1 . ?' 

47T r(s_ + 



— T) — 1 i 



n + 1 n — 1 " n + 1 n — 1 

3<p-2jq, 3 v > = N +- N -i S- = s~-sZ, j q = q+-q- (4-50) 



The explicit form w top of the ?7(1)-CFT topological solitons (carriyng Q , Q topological 
charges) is again in the standard form (|4.39| ) with <5_ = jp{s~ + - v ~ 2 ( q ) ■ Similarly to the 
u-soliton case ( [4.44| ), ( |4.45| ) and ( [4.46| ) but now according to the charges and energy relations 
( |4.23| ), (|4.26|) and ( [4.271 ), we derive the following semiclassical spectrum of the left moving 



1-soliton of the intermediate IM (|2.16| ): 



M; 



int 



Mr 2 + zzi(s- + ±-±f 



Pi 



n + l 



n 
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2 




n + 1 2 . 

n — 1 


of 


n+1 
8(n - 1) 



+ — Po^o, 

/ , 3<p- 2 3q 



n 



Qo = -Qe (4-51) 

where Qq is given by eqn. ( |4. 50| ) . The energy (and the mass Mi nt (a)) for more general 
a-dependent w t ~ p (a) (see eqn. ( |4.42| )) are given by 

E, nt (a) = E^ 2 + Pl"_Ua), 

M?» = M 3 P = 2 Uf 2 + 2m Q ^'" (a) | (4.52) 



As in the case of the £7(1) IM ( |L2p (see Sect 3.5), the intermediate IM ( |2.16 ) admits together 
with the charged topological int-solitons of spectrum ( [4.51|) (or (|4.52|) ) string-like solutions 
given by eqn. ( 4.25|) , but with w^^w^,) (ref4.37) replaced by 

W string = W top + w osc 

They carry the same topological and electric charges (and new Q^,Q^,k G Z) (|4.51| ), but 
their energy gets contributions from the oscillator part, i.e., 

■^string J7J j^string _|_ -^string 

The question of whether such classical string solutions are topologicaly stable (and remain 
stable under quantization) is still open. The fact that they have the same topological numbers 
but higher energies, is however an indication for their topological instability. 



5 Discussion and further developments 

Among the vast variety of integrable perturbations of the gauged A n -WZW models we have 
chosen to study the soliton solutions of a specific class of perturbations that preserve one or 
two chiral U(l) symmetries and whose potentials have n-distinct zeros. Our main tool in the 
construction of the 1-solitons of these models is the nonconformal version of the GKO coset 
construction |TJ|], that allows us to compose these u-solitons in terms of massless solitons of 
the U(l) (or U{1) <g> C(1))-CFT and already known g-solitons of the gauged Gq/U(1) (or 
Gq/U{\) ® U(l)) integrable models Q], |I(J, |23|. The new ingredients of this construction 
are the solitons and solitonic strings (left, right and left-right ) of the corresponding CFTs 
presented in Sect. 3 and 4. The simplest example (n = 1) of U(l) IMs ( |1.2| ) written in the 
"free field" form 

d= l = 9$9$ + /3a7 + ^7-^e- 24, -m 2 77e 2 * + 2a $ J R (2) v / ^ (5-1) 
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(where is the worldsheet curvature of the 2-d metric g^ u , g = detg^), is known to 
represent an integrable perturbation of string on AdS 3 target space. One expects that 
AdS?,/ CFT2 Maldacena correspondence ]7| takes place for the relevant deformed theories, 
i.e. the AdS^ with perturbation m 2 77e 2 * to be equivalent to the deformed CFT2 (i.e. 2-d 
integrable model) living on the border of the AdS^ space. Since the energy E and angular 
momenta I of the latter theory are related to the charge Qq and Qq of the AdS% model (|5 . 1|) 



Q = ~(E + l), Q Q =~(E-l) (5.2) 



the charge spectrum of ( |5.1|) we have derived in Sect. 3 determines the energy spectrum 
of the border deformed CFT 2 . One can consider the n > 2 IMs ( |1.2| ) as specific integrable 
deformations of the bosonic string on AdS 3 <g) T n _i target space which provides its charge 



spectrum ( [3.36 ) and ( 3.52 ) with certain string (and border CFT2) meaning. More interesting 



examples are given by the IMs ([2.12| ) studied in Sect. 4. They can be considered as integrable 



relevant perturbations of the AdS%® Ss®T n _i string model (taking R n — > iR n and ?/>* = Xn)- 
It is important to mention that the spectral flow ( |3.59| ) of charges Q , Qq is realized by adding 



topological #-terms (|3.55| ) to the original deformed string Lagrangians ( |1.2| ) 



As it well known the standard procedure of restoring the conformal invariance of the 
deformed IM (|5.1| ) (and (|1.2| ) in general) is to consider their conformal afline versions ||17|| , 
4"Efl . By introducing a new pair of fields (z^, 77) one can map the nonconformal IM ( |5. 1| ) to 



the following conformal integrable model 

C n =2 T = d$d® + fidj + fidj + dvdi] + dr)dv 

- pfie- 2 * -m 2 ^e 2 ^ + 2(a ® + iov)R {2) V=g (5.3) 

where «o and 70 are static background charges. An important feature of such IM is that 
the free field 77 plays the role of renormalization group parameter that interpolate between 
different conformal backgrounds (i.e. the zeros of the corresponding a- model (3 -functions): 

• 77 — ^ 00 leads back to the original conformal SL(2, R)-WZW model 

• 77 — > is reproducing the relevant perturbation ( |5.1| ) 

The model (|5.3j ) admits new massless solitons characterized now by the topological charge 

/oo 
d x 7]dx 
-00 

It is interesting to derive their complete energy and charge spectrum as well as to understand 
the string meaning of the CAT versions of the solitonic string solutions of (|5.1|). 



An interesting example of an off critical bosonic string on curved target space of black 
hole type |l| is given by the n = 2 intermediate IM ( p,16|) (with local U(l) symmetry): 

1 n - , - E«,6=l fab ((1 + ^aXae^ R )d Xb dtP b e^ R - Mbd^ b d X a 

S~i J-? S~i J? _l_ * 



£l=o = ^dRdR + 



m 2 {^xXi^ R + ^2X2e~ m + (3 2 Axi^2X2) (5.4) 
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where f aa = 0, / 12 = /21 = 1, ei = —£2 = 1- For m 2 = 0, the cx-model ( |5.4| ) is conformal 
invariant. Since corresponding target space metric admits both horizons and singularities, 
it represents a specific 5-d generalization of the 3-d black string model |2[]. For m 2 ^ 
the above nonconformal IM has [/(l)-charged massive and massless solitons (and strings), 
constructed in Sect. 4. 3, that can be interpreted as charged strong coupling (stable) particles 
(and strings). Its CAT version (i.e. with v and r\ as in eqns. ( |5.3|) ) might play an important 
role in the understanding of the nonperturbative properties of the IM ( |5.4|) (and of the 
corresponding string models ) due to the fact that the massless solitons introduces new 
nonperturbative string states. 

Another direction of extending the results of the present paper is to consider IMs with 
nonabelian local symmetries. The simplest example of integrable perturbation of the SL(3, R)- 
WZW model that preserve chiral SL(2, R) <g> £7(1) symmetry was derived in our recent paper 



CsL(3,R) P ert = C%$£> (</„) " ^ (~ + ^X^~^ + tae^ 1+ ^) (5.5) 

where the SL(3,R) group element is parametrized as follows: 

¥>1 hx +ip 2 h 2 e i>l E a2 +1p 2 E ai +a 2 gV^-Eaj 

By the methods of Sect. 2 one can construct integrable perturbations of SL{n + 1)-WZW 
model keeping unbroken certain subgroup G® = SU(k),k < n. We expect that the non- 
conformal GKO coset construction of Sect. 3 (for the particular cases Gq = U(l) or 
= ^(1) ® ^(1)) ^° ^ a ^ e pl ace f° r arbitrary nonabelian Gq as well. As in the U(l) 
case, the Gq-CFT massless solitons should be the main ingredient in the construction of 
the 1-solitons of such IM, as ( |5.5[ ) for example. The derivation of their energy and charge 
spectrum (say for Gq = SL(2)) is an interesting open problem. 

Our last comment concerns the nonrelativistic analogs of IM ( |1.2|) . The question is 
whether one can construct nonrelativistic IMs with local U(l) symmetry. The well known 
relation between Lund-Regge (L-R) IM (n = 1 of eqn. ( |1.8| )) and the nonlinear Schroedinger 
model |47| and the fact that L-R model is the gauged version of the deformed SL(2,R) 
WZW ( [5TT[) address the question about the nonrelativistic counterpart (in the sense of ref. 



24], p3|) of the IM (|5.1|). The answer to this question is given by the following integrable 



system of second order differential equations for the field variables r(x, £), q(x, t) and u(x, t): 

1 



l2„ 

1 



d t r — —9 x r + 2ud x r + rd x u — 2r{u — rq) = 0, 



d t q + ^d 2 x q + 2ud x q + qd x u + 2q(u 2 - rq) = 0, 

dtu + ~d x (rq) = (5.6) 
which is invariant under local U(l) transformations: 

u = u'+^d x w(x), r = e^V, q = e - (iw(x) q' (5.7) 
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We expect that its solitons are related to the Non linear Schroedinger (NLS) solitons in the 
same way the u-solitons of the IM (|5.1|) are related to the L-R nontopological solitons. The 
generalization of the IM ( |5.6| ) to the family of nonrelativistic IMs with local U(l) symmetry 
related to the relativistic IMs ( |1.2|) is straightforward. 
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